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A method is given of obtaining the subsidiary conditions of the second kind of
the general Gel’fand-Yaglom wave equation based on the representation
(1/2, 3/2)®(~1/2, 3/2)®D(1/2, 5/2)®(-1/2, 5/2)®(1/2, 3/2)®(~1/2, 3/2)
and in the presence of an external electromagnetic field by reformulating the
wave equation in spinor form. The wave equations accepting these subsidiary
conditions form a class defined by a set of simultaneous equations that is not
empty.

1. INTRODUCTION

Johnson and Sudarshan (1961) discovered that for the spin-3/2 Rarita-
Schwinger (1941) wave equation the equal-time commutation relations do
not vanish at spacelike points when the wave equation is minimally coupled
to an external electromagnetic field. This was a serious flaw for this wave
equation, since this meant that the wave equation was not causal, i.e., the
velocity v of propagation of the solutions of the wave equation is greater
than the speed ¢ of light.

Thus, A.S. Wightman in 1968 (see Wightman, 1971; Velo and Wight-
man, 1978) proposed the investigation of the stability of relativistic wave
equations.

In 1969 Velo and Zwanziger (1969a, b) took up again the question of
causality of the spin-3/2 Rarita~Schwinger wave equation in the presence
of an external electromagnetic field, which they studied classically using
the method of characteristics (Courant and Hilbert, 1974) and they found
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that certain components of the wave equation propagate noncausally even
for very weak fields.

These results stimulated studies of the causal behavior of various wave
equations in the presence of various combinations of external fields
(Shamaly and Capri, 1972a,b; Baisya, 1970; Nagpal, 1973; Krajcik and
Nieto, 1976}. Most of these works study the propagation of these wave
equations using the method of characteristics. This method consists in
converting the original wave equation, which has singular matrices, into a
new wave equation with nonsingular matrices by using the subsidiary
conditions of the second kind. Thus, in every case it is essential to be able
to find these subsidiary conditions.

2. GEL’FAND-YAGLOM WAVE EQUATION

Our purpose in this paper is to give a method of finding the subsidiary
conditions of the second kind of the general Gel’fand-Yaglom wave
equation (Gel’fand et al., 1963)

oy oY ay o
(1)

Lot 1, 2 Ly Ly 2 o ik = 0
OaxO 8 X1 28)62 38.X3 ¢I

based on the representation

(2, 2)(‘9(_5, i)@(z, 2)@( 25 2)('9(2, 2)('9(“5,2 (2)
with components 7 interlocking according to the scheme
(%a%)N \ T1~(%7%)
\ (2’ 2
. ~ (_i, 2
/ | @)
(—%a%)~7:2 71~(_%a%)

[Our notation is the same as that of Gel’fand et al. (1963).] The canonical
form of the wave equation (1) with respect to the basis

. . . ' pr
{glm} = {gzl,mla El‘:l,mls g;:z,mla 51";2’"‘2, f’lrlz,mla f;;z,mza fz‘,mly fz’ll,ml}
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invariant under the complete group, derivable from an invariant Lagrangian,
and associated with the bilinear form (¢, ,) defined by the constants

a71+1=a+1"1:], a2 = a""z'rz:—l’ a1 l= g% =1 (5)
is given in Koutroulos (1983). In particular, the matrix L, has the block form

7 T T T T 71
[0 o 0 V38 0 v
7 | a 0 V3B 0 y 0
H»l 0 W38 0 e 0 3¢

L= _
» {iV38 0 e 0 iV3Z 0
70 y 0 V3 0 6
Mo\ y 0 i3 0 6 0 (6)
T, T
1322 7"2(0 25)
\2e 0

where a, B, v, €, {, and 8 are constants. The constants a, ¢, and 6 are real
numbers. For simplicity we introduce the new constants

b=iv3B, c=iv3B, z=iV3{, k=iV3[ (7)

3. SPINOR FORM OF THE GEL’FAND-YAGLOM WAVE
EQUATION

We shall reformulate the Gel’fand-Yaglom wave equation in spinor
language because, as we shall demonstrate below, it is then much easier to
find the subsidiary conditions of the second kind which are necessary in
the study of the propagation of the wave equation in the presence of an
external electromagnetic field, using the method of characteristics. The
subsidiary conditions of the first kind can be found easily from the canonical
form of the wave equation by transforming it with the similarity transforma-
tion that converts the matrix L, of the wave equation into its Jordan form
and selecting those differential equations that do not involve the time
derivatives, but only the space ones.

To be able to express the Gel’fand-Yaglom wave equation (1) in spinor
form, it is necessary to find the similarity transformation connecting the
canonical basis {£,,,} to the spinor basis

{a?,, d®, 8% b%, c., .} (8)
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where 0 =1,2; ¢ =1,2; v=1,2; ¢ =1,2; w =1, 2. This transformation can
be found as follows. If
H3, HE, HEFSFSFS LY (j=0,1,2,3) 9)

are the generators and matrices of the wave equation in the canonical frame
and

3, U5, WY, B, L FL L (10)

are the generators and matrices of the wave equation in the spinor basis,

then the similarity transformation T must be such tht it satisfies the relations

THT '=H;, THST '=H3, TH.T '=HS
TFT'=F5, TFST '=F%, TFT '=F: (11)
TLT =03

These relations are sufficient to determine T. Thus, finding T, it can be
shown that the general 20-dimensional Gel’fand-Yaglom wave equation
for maximum spin 3/2 based on the representation (2) invariant under the
complete group derivable from an invariant Lagrangian and associated with
the bilinear form (5) in the presence of an external electromagnetic field
acquires the following spinor form:

— bl = 7 ubl2 4+ 2CT e, +2Zaly, + yal, =0 (E1)
_%szbliz_%’”libzn + C7TziC1 + Z772171 “%‘n'izblii

—lr b4 Cale,+ Zrly, + xal, =0 (E2)
— b} +2Cmie,+ 2Zmyy, — mai bl + yal, = 0 (E3)
— b2+ 2CHie, +2Zaty, — msb P xad =0 (E4)
—Aa3bP L ibi+ Crles+ Zaly, —myib?

—i75bP+ Crie,+ Zady, + xal, =0 (ES)
— Tysb3?— b4 2CTE e+ 2 ZmE yy + yads =0 (E6)
——%Bﬂ'%bliz—%Ba'r%bzii - A*frlic1 - erli'yl ~imi 1”

-—%B’n%bzii——Afn'izcz~r7rizyz+xdi =0 (E7)
—1Brlb? —1Bnibl i~ AnPie,—Tny,—iBm bl

—1BribP - AxPe,~Ta'y, +xd>=0 (EB)

1 14,12 ii g _1i i 1 12,11
~1Kalb2—1Kmibi' -Ta'le, —On'ly, —3Kxlb)!

—AKaibi—Tri?e,—Om 2y, +x61=0 (E9)
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11022 1 2pi2 22 22 1 12
m3bi"—~3Kmib,"~T7*c,—On**y,—35K7ib;

— K72 T, —Only, +x82=0 (E10)
—wila,il—wizaliz+2C7rlidi+227'r,i§i+xbii= (E11)
-—%77220122—377 a11+C7712d +Z7r126 —im? an

—inrl2a2 4 Crld®+ Znls? +xbl2=0 (E12)
—m2al,+2Cmid 422718 — n¥ad + b =0 (E13)
—Wilaliz+2C7rzidi+ZZ7rzi§1—-ﬂ12a22+xb = (E14)
—%Wizaziz ot a12+C7T d2+Z77'282 3 laliz

—-777 a22+ Crid' + Znis' + xbi? (E15)
— 720k, — wtlal+2Cnid*+22Zn} 52+Xb§2=o (E16)
—§B7ria12 3B77'2a” Ami,d’ F7r118 %B'rrilalil
—iBm3al,— Am sd* T 38° +xe=0 (E17)
_%Bﬂ'%aziz 3B772a12 A7722d 1_‘77'225 %Bﬂ%afz

—iBnial,— Amyd’ Fw215 +)(c2—0 (E18)
~1Kmlal, - 3K772a11 Tryd! @17115 %Krr{alil

—1Kndal, ~Tmpd’ - Om,8° +Xy1=0 (E19)
—lK'n'%aziz 3K77'20z12 Ts.d? @77226 -—3K7r1a12

3K'n'2a22 Tmyid' —0m,;8 +xy.=0 (E20)

where C, Z, B, A, T, K, and @ are constants related to the constants, ¢, z,
b, a, v, k,-and 6 entering the matrix [, by the relations

c z b o y
=—, Z==—, B=—, A=— =L
¢ 2¢’ 2¢’ 2¢’ 2¢’ r 2¢’
k 6
K=—, @=— 12
2e 2¢e (12)

which amounts to dividing the wave equation (1) throughout by 2¢. Note
that by dividing throughout by 2¢ we are restricting the block L.3/? to having
nonvanishing eigenvalues, and hence the wave equation will describe spin-
3/2 particles with or without spin-1/2 particles present, depending on the
eigenvalues of the block L. A bar above a quantity indicates its complex
conjugate. m,, (0=1,2;5=1,2) are the electromagnetic spinor com-
ponents connected to the four momentum electromagnetic vector com-
ponents 7, {(r=0, 1,2, 3) by the formulas

Tiy = — Tt T3, Ty = 7+ Iy, T2 = T — U2, 5= —Te— T3

(13)
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X = k/2¢ is a constant related to the masses of the particles associated with
the field. i =+/—1. (The free field wave equation follows from the above one
for zero electromagnetic four-vector potential.)

We notice that if the constants (12) have the values

B=}, C=-} A=-} Z-K=0=T=0 (14

then the above wave equation goes over into the spinor form of the Pauli-
Fierz wave equation for spin 3/2 (Fierz and Pauli, 1939; Gupta, 1954).

B

4. SUBSIDIARY CONDITIONS

We next find the class of all those 20-dimensional wave equations with
maximum spin-3/2 accepting subsidiary conditions of the second kind. For
this let us multiply equation (E11) by A}, (E12) by A}, (E14) by A,
and (E15) by A7} and add,

Amix (E11) + Al x (E12)+ A7 x (E14) + Aw} x (E15) =0 (15)

where A is a constant to be determined. Similarly, let us multiply (E17) by
3¢, (E18) by 3&n?, (E19) by 3¢7'!, and (E20) and 3¢é7°" and add,

3¢mt i x (B17)+3&n X (E18) +3¢mY X (E19) +3¢72 x (E20) =0 (16)
where £ is a constant to be determined. Subtracting (16) from (15), we have
Maix (E11) + 73 x (E12) + 75 x (E14) + 73 x (E15)}
—3&{m Y(EB1T) + 72 X (E18)+ 7 X (E19) + w2 x (E20)} =0 (17)
Substituting into (17)

—6x X(E7)— u6y X (E9) (18)
(where w is a constant to be determined), having imposed the conditions
2B+2Ku=A, 2A+2Tp=—-¢& 2 +20p=—¢ (19)

replacing ,; by the relations (13), and imposing the condition
—IA+(B+K)£=0 (20)

in order to create terms involving [=,, m,] = ieF,, = f,, (where F,,, p,q=
0,1, 2, 3, is the electromagnetic tensor), and ﬁnally imposing the conditions

INC —3E(A+T)=0, 3AZ-3£T+0)=0 (21)

in order to make terms involving ()%, r=0, 1, 2,3, vanish, we obtain the
following subsidiary condition of the second kind:

6X2di+6ll«)(251+)\(f10+f13+ if32+ ifoz)alil“"z)\(ﬁ)s"' iflz)aliz
+[AC+3E(A+D)(ifio+ fro)d' +[AZ +3E(T+O))(ifi2 308"
+AC+3EA+D)fro+ ifsot fis+ ifss)d2+[AZ +3£(T+0)]
X (fro+fis+ ifsot ifss) 82+ A for + ifon+ ifos + fis)ady = 0 (22)
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By similar operations to the above, three more subsidiary conditions
of the second kind can be obtained. For the second subsidiary condition
we perform the following operations:

Malx(Epn)+ 7= (E13)+ wix (E15) + 73 x (E16)}
=3 X(B17) + 72 X (B18)+ 2 x (E19) + 72 x (E20)} =0 (23)

Substituting into this relation the expression
—6x < (E8) —u6yx x (E10) (24)

and imposing the conditions (19)-(21), we obtain the subsidiary condition
6x2d2+ ubx? 8%+ A(fro+ fis + oz + ifiz)ady
+[AC+3EA+ D)o+ ifor+ for +ifz)d’
+[AZ +3E(T+8)](frot ifontfor + if23) '
+ 20 (if 2+ foz) @ty H [AC +3E(A+T)(ifoy + fos)d?
+[AZ +3E([+0)(ifor + fo3)6°
Ao+ i+ fist ifn)al =0 (25)
For the third subsidiary condition we perform the following operations:
M7l x (ED) + 7} x (E2) + w} X (E4) + 73 x (E5)}
=3¢{miy, x(E7T)+ 73 X (E8) + 7i; X (E9)+ 75, X (E0)} =0  (26)
Substituting into this relation the expression
—6x X (E17) — w6y x (E19)

and imposing again the conditions (19)-(21), we obtain the subsidiary
condition

~6x7c;+u6x>yy + A fiot for ifor + ifss) by +2A (i1 + f3) b2
+[AC +3(A+D)1(if 12+ fos) ey
+{AZ+3ET +0)1(ifi+ fos) 7
+[(AC+3E(A+D)(for + ifor + ifss+fis) e
+[AZ+3ET+O)(for + ifox+ fis+ ifss) ¥2
+A(for + ifor+fr + ifi2) b7 =0 (27)
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For the fourth subsidiary condition we perform the following
operations:

Malx (B2)+ 71 x (E3) + 7} x (ES) + w% x (E6)}
—3&{mi X (BT)+ w3, X (E8) + 7,3 X (E9) + 72 x (E10)} =0 (28)
Substituting into this relation the expression
~6x % (E18) — w6y x (E20) (29)
and imposing the conditions (19)-(21) we obtain the subsidiary condition
6X7 26X 2+ A frot fr + ifoat i) B3]
HIAC +3E(A+D)(for  ifor+ fur + ifa3)
HAZ 3L +O)[(for Tt ifaotif)m
=2M(fos+ ifa)b3* + [AC +3E(A+ D) (i fr0)
HAZ +34(T+0)I(ifo1 +fr0) v2
FAor+ for tfor + ifs2) b5 = 0 (30)

Thus, if the constants entering the general 20-dimensional wave
equation (1} are such that the relations (19)-(21) are satisfied simul-
taneously, then the wave equation accepts subsidiary conditions of the
second kind given above, i.e., involving the field components f,,. These
relations define a class of 20-dimensional wave equations that is not empty.
Examples belonging to it are given below.

EXAMPLES

We give now examples of wave equations for which one can find the
subsidary conditions of the second kind as described above.

Example 1. If the constants & u, and A have the values £é=1, u =1,
and A =+2 and the constants entering the wave equation have the values

1 1 1 1 1
B=—r C=——"~ Z=—— K=—x A=—=
2/2 22 2/2° NGO 4
1 1 1)
=-= O=—- #0
47 4’ X

the set of simultaneous equations (19)-(21) is satisfied and a spin-3/2
Gel'fand-Yaglom wave equation is defined whose matrix 1, has in the
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canonical basis the blocks

T T T, T 71 T
T 0 -1 0 1/2V2 0 -
) -4 0 1/2v2 0 - 0
LY?= 1 0 -1/2v2 0 3 0 -1/2V2
™ | —1/2V2 0 3 0 -1/2V2 0
1 0 -3 0 1/2V2 0 -3 (32)
7 -3 0 1/2v2 0 ~3 0
T T
4, 2[00 1
[Lo/ - 7'2(1 0)

Notice that the eigenvalues of the block Ly are all zero and hence the

corresponding wave equation describes spin-3/2 particles. The matrix L,
satisfies the minimal equation

Lollg—11=0 (33)

The charge associated with the wave equation is definite. Notice that the
matrix 1, has detl,=0, i.e., is singular.

Example 2. A second example of a 20-dimensional Gel’fand-Yaglom
wave equation accepting subsidiary conditions of the second kind arises if
the constants have the values

1 1 1
=1 =1 A=v2, B=——+, C=—7, Z=——=
£=1  w=l, V2 22 202 2032
K—L A=0=0 F——l (34)
S22 ’ 2
In this case the resulting wave equation describes spin-3/2 particles together

with spin-1/2 particles (since the eigenvalues of the block L§'? are not all

zero). |, satisfies the minimal equation

LoLe— ()] - [Lg—1]1=0 (35)
Example 3. A third example occurs if the constants have the values
1 1 1
=1 =1 A=v2 B=—x C=—"—%x Z=——=
¢=1 w=l v2, 22’ 02 22
1 1 1
K= A=—-= 0==, r=o0 (36)

22’ 2’
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This example again describes two kinds of particles, namely spin-3/2 and
spin-1/2 particles. L, satisfies the minimal equation

L33 - (71 [13-11=0 (37)
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